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 What are we measuring?
 How are we measuring?
 What kind of information can we
extract?
 Beyond the classic setup : variants
and particular designs
Outline
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B = µ0 (H + M)
H = magnetic field [A / m]
M = magnetization [A / m]
B = magnetic induction [T]
What are we talking about ?
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H and M are expressed in the same units
(in Nancy too)
m = magnetic moment [A.m2]
M = magnetization [A / m]
(= m / V)
And a little bit more …
χ = magnetic susceptibility
(= dM / dH)
χ = magnetic susceptibility
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m =  f (physics, applied field, volume)
M =  f (physics, applied field, volume)





=  f (physics, applied field, volume)





or [emu] = [10-3 Am²]
Volume  [m³]
So: do not confuse the two m’s : « M » and « m »
M = m
V
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(argh!)
So: do not confuse the two m’s : « M » and « m »
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So: do not confuse the two m’s : « M » and « m »
M&m’sBeaucoup mieux:  





→ « DC » (too)
Alternating
Sinewave signal
→ « AC »
Direct current
Steady-state regime
→ « DC »
time
time
Types of magnetic sollicitations
H
H
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t
H





Characteristics of  AC susceptibility
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t
H
What are we measuring ? (1/2)
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t
H
What are we measuring ?  (1/2)
t = 0
H(t) = H1 cos(ωt)




M(t) = M1 cos(ωt - ϕ)




! Important remarks !
 M(t) is assumed to follow a sinewave
 Physics dictates that M’’ should be ≥ 0 
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t
H













H(t) = H1 cos(ωt)
[ ω= 2π f ]
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Use of the complex notation (phasors)
1
M(t)  = M1 cos(ωt - ϕ) 
= M1 cos(ϕ) cos(ωt) + M1 sin(ϕ) sin(ωt)
= M’ cos(ωt) + M’’ sin(ωt)
= ℜ [ M’ e jωt ] + ℜ [ M’’ e j(ωt-π/2) ] 
= ℜ [ M’ e jωt ] + ℜ [ -j M’’ e jωt] 
= ℜ [ (M’ - j M’’) e jωt ]
H(t) = H1 cos(ωt) = ℜ [ e jωt ] H1 = H1 [ e jωt ]
M1 = M’ - j M’’
M1 = M1 [ e jωt ]
Time notation Phasor notation
Real number
Complex number
χ1 = M1/H1 = χ’ - j χ’’
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Complex AC susceptibility
χ1 = χ = χ’ - j χ’’ 
When M(t)  is assumed to follow a pure sinewave
(i.e. only one « fundamental » signal at one frequency ω)





χ’ is related to magnetic energy
stored in the material
χ’’ is related to magnetic energy
converted into heat
during one cycle of 
the applied AC field.
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Signs of χ’ and χ’’ ?
The sign of χ’ depends whether
the material attracts or repels
magnetic flux lines
χ’ < 0 for diamagnetic mat.





If there are no losses:
χ’’ = 0 
If there are magnetic losses:
χ’’ >  0
Energy Wq converted into heat
during one cycle:
𝑊𝑊𝑞𝑞 = 𝜋𝜋 µ0𝐻𝐻12 χ’’ > 0
 In all cases, χ’’ should be always ≥ 0
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t
H
What are we measuring ?  (2/2)






 We will consider now that M(t) does
NOT necessarily follow a sinewave
t
H
What are we measuring ?  (2/2)
H(t) = H1 cos(ωt)
M
ϕ
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t
H
What are we measuring ?  (2/2)
H(t) = H1 cos(ωt)
M
ϕSince M(t)  is not a sinewave, it can no longer be be expressed as  
M’ cos(ωt) + M’’ sin(ωt)
BUT  M(t) is still a periodic signal of the same period as the AC field.
Therefore, thanks to the Fourier theorem, M(t) reads
M(t) = H1 ∑𝑛𝑛=1∞ 𝜒𝜒𝑛𝑛′ cos 𝑛𝑛𝜔𝜔𝜔𝜔 + 𝜒𝜒′𝑛𝑛′ sin 𝑛𝑛𝜔𝜔𝜔𝜔
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t
H
What are we measuring ?  (2/2)








M1 cos(ωt - ϕ1)
Fundamental
+ M2 cos(2ωt - ϕ2)
+ M3 cos(3ωt - ϕ3)
+ …
Harmonics











What are we measuring ?  (2/2)
H(t) = H1 cos(ωt)
M
M(t) = H1 ∑𝑛𝑛=1∞ 𝜒𝜒𝑛𝑛′ cos 𝑛𝑛𝜔𝜔𝜔𝜔 + 𝜒𝜒′′𝑛𝑛 sin 𝑛𝑛𝜔𝜔𝜔𝜔
If M(t) is a pure sinewave : 𝜒𝜒1′ and 𝜒𝜒1′′ only → χ’ (= 𝜒𝜒1′ ) and χ’’ (= 𝜒𝜒1′ )
If M(t) is distorted :  → the harmonic susceptibilities might be ≠ 0
 Harmonics originate from the non-linearity of the M-H process
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How to find χ and χ’’ in the general case ? 














𝑀𝑀 𝜔𝜔𝜔𝜔 sin 𝜔𝜔𝜔𝜔 𝑑𝑑 𝜔𝜔𝜔𝜔
The knowledge of M(t) is resulting from H(t) is therefore required
to predict theoretically the values of χ’ and χ’’.
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How to find the harmonics components?














𝑀𝑀 𝜔𝜔𝜔𝜔 sin 𝑛𝑛𝜔𝜔𝜔𝜔 𝑑𝑑 𝜔𝜔𝜔𝜔
The analytical determination of the harmonics components will be
carried out particular cases in the section « what kind of information ».
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 What are we measuring?
 How are we measuring?
 What kind of information can we
extract?
 Beyond the classic setup : variants
and particular designs
Outline
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Use of Faraday law: e.m.f. = - N dφ/dt
e.m.f.
sample
v(t) = ∑𝑛𝑛=1∞ 𝑣𝑣𝑛𝑛′ cos 𝑛𝑛𝜔𝜔𝜔𝜔 + 𝑣𝑣′′𝑛𝑛 sin 𝑛𝑛𝜔𝜔𝜔𝜔
 Fundamental (n=1) and harmonics
components can be separated by filtering
 In-phase and out-of-phase components
can be measured using a lock-in amplifier
(PSD = Phase Sensitive Detection)H(t) = H1 cos(ωt)
produced by an air coil
pick-up coil
(N turns)
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Use of Faraday law : e.m.f. = - N dφ/dt
H(t) = H1 cos(ωt)
produced by an air coil
 field parameters : ∝ H1 and ∝ ω
 the sample volume ∝ V
 the number of turns of the coil ∝ N
 the sample dimensions
 the coil dimensions
 the magnetic susceptibility
Each component is a function of
e.m.f.
sample
v(t) = ∑𝑛𝑛=1∞ 𝑣𝑣𝑛𝑛′ cos 𝑛𝑛𝜔𝜔𝜔𝜔 + 𝑣𝑣′′𝑛𝑛 sin 𝑛𝑛𝜔𝜔𝜔𝜔
pick-up coil
(N turns)
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sample dimensions << coil dimensions Tightly wrapped coil
Sensitive to the
magnetic moment m ∝ <M>
Sensitive to the
magnetic flux φ ∝ <B>
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𝑉𝑉 𝑓𝑓 𝐻𝐻1 𝜒𝜒
Two identical pick-up coils are placed
in series opposition. One can show that
the e.m.f. v is given by 
e.m.f.
where α is the calibration constant of
the susceptometer, which depends
primarily of the geometry of the
sensing coils. It has to be determined by
an appropriate calibration procedure.
Note that the calibration factor derived is 
valid strictly only for specimens of the
same size and shape as the standard used.
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Calibration of the susceptometer
Goldfarb R B and Minervini J V (1984) Rev. Sci. Instrum. 55 761 31
Calibration of the susceptometer
D.-X. Chen, V. Skumryev, and B. Bozzo, Rev. Sci. Instrum. 82 045112 (2011) 32
Calibration of the susceptometer
 Idea : using a calibration coil connected electrically in series with the primary coil 
of the susceptometer. This ensures that the calibration ac magnetic moment m 
(produced by the calibration coil) has exactly the same frequency and the same 
phase as the applied AC magnetic field.
P Laurent, J F Fagnard, B Vanderheyden, N Hari Babu, D A Cardwell, M Ausloos
and P Vanderbemden, Measurement Science and Technology 19 (2008) 085705
If I represents the current in 
the calibration coil of cross 
section S, and N turns, the 
resulting magnetic moment, 
mcal, is then given by
mcal = NIS.
33
Overcoming the unbalance of pick-up coils
Two identical pick-up coils can never be achieved. The best method is to place at the 
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In practice, 6 coils are used
36
Importance of centering the sample
 In a commercial device, the sample has to be centered by moving accurately 
through the detection coils, and record the signal for a finite number of well-
defined (e.g. 64) positions.
 Note however that no notion is used for the measurement itself. In an AC 
susceptibility the sample is stationary during the measurement.
 That is why the “AC centering” is usually more accurate than the “DC centering”
 The centering has to be carried out each time a new sample is measured, ideally 
for the same AC field amplitude and frequency as for the measurement itself.
37
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 What are we measuring?
 How are we measuring?
 What kind of information can we
extract?
 Beyond the classic setup : variants
and particular designs
Outline
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The father of magnetism:
William Gilbert 
(1544-1603)
« De Magnete »   (1600)
NB : Before Gilbert…
(about naturally
magnetized stones)
« This kind of stone restores 
husbands to wives and 
increases elegance
and charm in speech.
Moreover, along with honey, it cures dropsy,
fox mange and burn. »
Bartholomew of England
(1203 – 1272)
What are the factors affecting the
“magnetic response” to an AC field ?
H(t) = H1 cos(ωt)
I am the 
sample
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What are the factors affecting the




𝑓𝑓 𝑉𝑉 𝐻𝐻1 𝜒𝜒
 Looking at the measured signal 𝑣𝑣 across the sensing coils, one has
χ =  M / H1 = f (physics, applied field, volume)
m  ………… =  f (physics, applied field, volume)
M  = m / V    =  f (physics, applied field, volume) 
m M
 In general,  χAC may still depend on the applied field and on the volume !
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Why does the AC susceptibility depend on 
the volume of the sample ?
 One of the main reason is the scale of the physical mechanism giving
rise to the AC magnetic response
Microscopic scale Macroscopic scale
Dia- / Para- magnetism
Ferro- / Ferri- magnetism
Magnetic nanoparticules
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A magnetized sample (e.g. M > 0) of finite size creates a 
field in the surrounding space and within the sample itself.
This field – called demagnetizing field  HD – is always 
opposite in direction to the sample magnetization. 
The total or internal applied field, HT, is the sum of the field 
applied by the magnet Happ, and the demagnetizing field HD. 
In the simple case H // HD, one has
Hint = Happ + HD
with 
HD = - D M 




Sample shape and field orientation:
Demagnetization effects
Demagnetizing factors “D” [or “N”]
Osborn, J. A. Phys. Rev. 67, 351-357, (1945)
 In this case M  is uniform within the body. 
If M is parallel to one of the principal axes 
of the ellipsoid, the demagnetizing field is 
uniform too. 
 The demagnetization factor D along the 
three axes can be calculated analytically.




Demagnetizing factors “D” [or “N”]
 In general M is NOT uniform within the body. 
 Therefore averages of D should be used.
 The simplest cases are still when the field is 
parallel to the principal axes of the body.
 One still has:  Dx + Dy + Dz = 1.
 Two kinds of averages can be used, and 
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Chen D X, Brag J A and Goldfarb R B (1991) IEEE Trans. Magn. 27 3601
Chen D X, Pardo E and Sanchez A (2006) J. Magn. Mater. 306 135 47
A. Aharoni Journal of Applied Physics 83, 3432 (1998)
D.-X. Chen, E. Pardo, and A. Sanchez, IEEE Trans. Magn., 41, (2005) 2077 48
Since Hint = Happ + HD =  Happ – D M…
For ferromagnetic materials (M > 0), 
Hint is smaller than Happ ("de-magnetizing")
while for superconductors in the diamagnetic state (M < 0), 
Hint is larger than Happ ("re-magnetizing" ?).
Superconductor 
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NB : To understand magnetic flux penetration in 
Type-II superconductors of finite height, see…
…. as well as all Helmut Brandt’s papers 
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Note however the important distinction :
Demagnetizing effects should always be taken into account
when the sample cannot be considered infinitely long
BUT…
the conventional « demagnetizing factor » approach, strictly
speaking, is valid for linear materials.
For type-II superconductors, only (semi-) analytical
calculations and numerical modelling are appropriate !
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Relation between χint and χext
 One should always distinguish the external (or apparent) susceptibility χext







 From the relation Hint = Happ – D M, one finds directly:
𝜒𝜒𝑒𝑒𝑒𝑒𝑒𝑒 =
𝜒𝜒𝑖𝑖𝑛𝑛𝑒𝑒
1 + 𝐷𝐷 𝜒𝜒𝑖𝑖𝑛𝑛𝑒𝑒
𝜒𝜒𝑖𝑖𝑛𝑛𝑒𝑒 =
𝜒𝜒𝑒𝑒𝑒𝑒𝑒𝑒
1 − 𝐷𝐷 𝜒𝜒𝑒𝑒𝑒𝑒𝑒𝑒
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 In the AC regime, the values of external complex susceptibility 
χext = χ'ext – j χ''ext can be converted into equivalent internal values 
χint = χ'int - j χ''int using the formulas
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A few examples of 
the theoretical response
of different materials 
to an AC magnetic field
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 No harmonics






χ’ = 𝜒𝜒0 and  χ’’ =0
𝜒𝜒𝑛𝑛′ = 0 and 𝜒𝜒𝑛𝑛′′= 0
 No out-of-phase susceptibility
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No harmonics






𝜒𝜒𝑛𝑛′ = 0 and 𝜒𝜒𝑛𝑛′′= 0
χ∞
𝜒𝜒 = 𝜒𝜒∞ +
𝜒𝜒0 − 𝜒𝜒∞
1 + 𝑗𝑗𝜔𝜔𝜔𝜔










𝜔𝜔𝜔𝜔 𝜒𝜒0 − 𝜒𝜒∞
1 + 𝜔𝜔𝜔𝜔𝜔𝜔
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No harmonics




𝜒𝜒𝑛𝑛′ = 0 and 𝜒𝜒𝑛𝑛′′= 0
χ∞
𝜒𝜒 = 𝜒𝜒∞ +
𝜒𝜒0 − 𝜒𝜒∞
1 + 𝑗𝑗𝜔𝜔𝜔𝜔
 We assume a Debye-type relaxation: 
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(3) a non-linear (ω independent) superparamgnetic mat.
H / H*
χ0  ≈ Msat / 3H*
1
0
0  1  2  3  4  5
M =  Msat L (H / H*)
M / Msat
Msat = n m 
 n = density of magnetic moments
 m = individual magnetic moment
 kB = Boltzmann constant
 T = absolute temperature
 L(x) = Langevin function
H* =  kBT / µ0m
L (x) = coth(x) – 1/x
≈ (1/3) x – (1/45) x³ +…
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(3) a non-linear (ω independent) paramagnetic material 
H / H*
χ0  ≈ Msat / 3H*
1
0
0  1  2  3  4  5
M =  Msat L (H / H*)
M / Msat
L (x) = coth(x) – 1/x













𝐻𝐻12 , 𝜒𝜒3′′= 0
 No out-of-phase signal
 Replacing H by H1 cos(ωt), and 
remembering that cos³(x) = (3/4) cos(x) 
+ (1/4)cos(3x), only the cos(ωt) and the 
cos(3ωt)  terms remain. Thus
59
(4) a soft (insulating) ferromagnetic material 
H
M χ0






 We assume small amplitude hysteresis
loops which are a quadratic function of H 
(Rayleigh loops)
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 We assume small amplitude hysteresis
loops which are a quadratic function of H 
(Rayleigh loops)



















 Non-zero odd harmonics (3, 5, 7 etc.)
 Non-zero out-of-phase signal → losses!
 NB If HDC = 0 → half-wave symmetry M(t-T/2) = - M(t) 
→ No even harmonic
H1
-H1
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H(t) = H1 cos(ωt)
→ Eddy currents
→ Magnetization opposing to the
variations of the applied field
→ Sample size and shape dependent










2a 𝜒𝜒 = 1
𝑘𝑘𝑎𝑎
tanh 𝑘𝑘𝑘𝑘 - 1
𝜒𝜒 ≈ - 1
3





 δ is the skin depth
 At low frequency , i.e. (a << δ), (ka << 1)
No harmonics
Non-zero out-of-phase signal
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An example of the advantage
of applying a DC field
to an AC magnetic field
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La-Ca-Mn-O system
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Characterisation of the rod
1 mm
PG :  polygranular
DG :  double grain
SG :  single grain
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Electrical resistance

















































Vanderbemden et al., Phys. Rev. B 68, 224418 (2003)
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A single grain boundary in a bulk material
Significant effect on the electrical properties 
(Low-field MR, Low-T MR, « foot »)
MR influenced by the magnetization of the adjacent grains
Is there an influence on the magnetic properties ?
BUT …
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AC susceptibility
PG :  polygrain
DG :  double grain
SG :  single grain
Temperature (K)




























Philippe VANDERBEMDEN – Lecture « Magnetometry by AC susceptibility measurements » - Magnetometry school - June 2019
AC susceptibility




microstructure effects ! 
No  logical  order ???
In the FM state, the AC susceptibility is given by
D
1~χ → results linked to the demagnetization factor D 
for each particular sample
Temperature (K)
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Influence of a superimposed  DC field
Temperature (K)




























→ Suppression of the AC moment 
→ Apparition of a peak related to critical fluctuations
Vanderbemden et al., Phys. Rev. B 68, 224418 (2003)
T (K)



































































Critical exponents (β + γ) and δ
MDHHi −=
( )nicpeak HaTT +=
Critical exponents 
Internal magnetic field µ0Hint (T)


















H  ⊥  long axis
H  ||  long axis
T = Tc + a. (Hint)
n  
DG




→ Unconsistent with 3D Heisenberg model (δ = 4.803) 
→ Closer to the mean-field value (δ = 3) 
→ Almost no effect of the microstructure
Double peak for the DG sample ?
Probably caused by a slight Tc 
difference between the two grains
Observable in AC measurements only in 
the presence of a superimposed DC
field
Powerful tool for revealing small Tc 
inhomogeneities and assess the sample quality !
75
 What are we measuring?
 How are we measuring?
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AC susceptometer for large AC fields
Gömöry F, Lobotka P and Fröhlich K (1994) Cryogenics 34 837-8




AC susceptometer for large samples
P Laurent, J F Fagnard, B Vanderheyden, N Hari Babu, D A Cardwell, M Ausloos
and P Vanderbemden, Measurement Science and Technology 19 (2008) 085705 77
AC susceptometer based on a cryocooler
Vanderbemden P Cryogenics, 38  839 (1998)
 Requires a weakly 
electrically 
conducting sample 
holder with excellent 
thermal conductivity.
 A polycrystalline 
silicon (Si) rod 










AC susceptometry at “high” f (> 10 kHz) 
M. Zeisberger et al.  Journal of Magnetism and Magnetic Materials 311 (2007) 224 79
“Wide-band” AC susceptometry
F. Gömöry,  Supercond. Sci. Technol. 10 (1997) 523
t




χa  =  Ma / H1 χr  =  Mr / H1
80
! Parastic influence of the AC 
magnetic response of metals…
See the following application note :
For RAC(T) and possibly
χAC(T) too (?)
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Example :  AC susceptibility of superconducting filaments in a silver matrix
HAC || filaments HAC ⊥ filaments
J F Fagnard, P Vanderbemden, R Cloots and M Ausloos, IEEE Trans. Appl. Supercond. 13 2976 (2003) 82
For further information…
 See reference list on the following page
 See the old but excellent collection of papers
 See the following excellent introductory paper
Ed. Hein, R. A., Francavilla, T. L., Liebenberg, D.H. Plenum Press, New York. (1992)




Or visit us at :
84
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